In this work we propose the generation of a hybrid entangled resource (HER) and its further application in a quantum teleportation scheme from an experimentally feasible point of view. The source for HER preparation is based on the four wave mixing process in a photonic crystal fiber, from which one party of its output bipartite state is used to herald a single photon or a single photon added coherent state. From the heralded state and linear optics the HER is created. In the proposed teleportation protocol Bob uses the HER to teleport qubits with different spectral properties. Bob makes a Bell measurement in the single photon basis and characterizes the scheme with its average quantum teleportation fidelity. Fidelities close to one are expected for qubits in a wide spectral range. The work also includes a discussion about the fidelity dependence on the geometrical properties of the medium through which the HER is generated. An important remark is that no spectral filtering is employed in the heralding process, which emphasizes the feasibility of this scheme without compromising photon flux.
Introduction
Quantum entanglement has become a key resource to perform quantum information tasks [1] . Most quantum communication protocols rely on the usage of a maximally entangled state shared among parties that want to exchange information [2, 3, 4] . Quantum teleportation has also been identified as a valuable resource to perform quantum information operations, secret sharing applications, and measurement-based quantum information processing [5, 6] . Quantum teleportation (QT) protocols, as initially proposed by Bennett, Brassard and Crépeau [7] , are established in a discrete basis, where a Bell state is shared between Alice (the sender) and Bob (the receiver), and in which Alice wants to teleport the state of a particle to Bob. To fulfil this purpose, Alice performs a joint measurement on her part of the shared entangled state and the state to be teleported, in the Bell basis. With this procedure, the state initially possessed by Alice is teleported to Bob up to a unitary transformation, which is determined by the outcome of the Bell measurement. In the ideal scenario, the state is perfectly teleported from Alice to Bob.
The experimental implementation of QT came promptly in the discrete variable (DV) basis as demonstrated first in ref. [8] , where the polarization state of a photon was teleported, via a maximally entangled state obtained by parametric downconversion in a nonlinear crystal. The experimental demonstration of QT in matter came later, supported by nuclear magnetic resonance [6] , which makes QT feasible at inter-atomic distances. QT has been implemented in many other different schemes and degrees of freedom, as shown in ref. [9] (and references therein).
It is well know that photons are low sensitive to decoherence, thereby they are regarded among the best for long distance implementations of quantum protocols [10, 11, 12] . However, discrete variable proposals with single photons lack of full Bell basis distinguishability, which has been overcome with the aid of continuous variable (CV) protocols [13] . Unfortunately, maximally entangled states cannot be prepared for these schemes, given the impossibility to generate infinitely squeezed states [9, 14] , and therefore, high fidelities are difficult to obtain. The hybrid DV-CV approach, initially studied in ref. [14] and further developed in refs. [15, 16] , exploits the best of both domains, with the entangled resource in one domain and the state to be teleported in the other one. A different alternative is found with hybrid entangled resources, where the maximally entangled state between two subsystems is formed by a superposition of CV and DV domains. For such hybrid entangled state (HES), a projective measure in the discrete or continuous basis on a subsystem will project the another one to the opposite DV-CV domain [17, 18] .
Hybrid entangled states have also been studied as a resource for quantum teleportation. Hybrid QT schemes are an alternative to teleport information contained in discrete or continuous degrees of freedom of a system to different degrees of freedom (discrete or continuous variable) of other systems. In ref. [19] , quantum teleportation of linear combinations of atomic states is achieved with the aid of a HES formed by coherent states and atomic states. The preparation of a HES between CV and DV at remote places connected by a lossy channel was first demonstrated by Morin et. al. [20] , with its further application to teleport a CV state and convert it into a DV one [21] . HES formed by combinations of coherent states (CS) and Fock states have been theoretically and experimentally studied, as shown in refs. [22, 18] , in which the advantages of these states for phase detection and its robustness against scattering are pointed out by the authors. Following this direction, we previously studied the non-classical properties of HES resulting from the linear combination of single-photonadded coherent states (SPACS) and coherent states, under the presence of noise [23] . Photon-addedcoherent states are obtained by the successive application of the creation operator over a CS [24] . It is remarkable that beyond QT proposals involving hybrid entangled resources, to our knowledge no schemes of quantum teleportation based on broadband states, other than squeezed, have been reported [25, 26, 27, 9] .
In this study we propose a hybrid quantum teleportation scheme in continuity to our preliminary study in ref. [28] , in which all involved parties are let to be broadband and can exhibit different spectral properties. We also include simulation results for a specific and experimentally feasible situation that will serve as a figure of merit for potential applications of our proposal. At the same time, this work is motivated in the fewer resources that path qubit and entanglement needs on the long distance communication architectures [29] . This paper is organized as follows: in section two we propose the HER generation from a third order non-linear process in a commercial photonic crystal fiber (PCF) and detail the optimal parameters found for the resource. In section three, the QT protocol is outlined and an averaged version of the fidelity is analyzed in order to characterize the potential applicability of this proposal. Finally, conclusions and comments on future work are included.
2 Hybrid entangled resource preparation and quantum teleportation protocol
In this section we address the hybrid entangled resource preparation and its further application on a quantum teleportation protocol. We propose the HER generation through the four wave mixing process, which is a third-order nonlinear interaction widely exploited for photon pair generation in optical fiber and waveguide [30, 31, 32, 33] . The schemes for HER generation and the QT protocol are better explained with the aid of Fig. 1 . Panel (a) outlines the generation of the needed sources to produce the HER; panel (b) is a schematic representation of the HER preparation where the switches positions determine the generation of two different HER by selecting two pairs of states to be combined in a beamsplitter resource generation (process discussed in section 2.1); while panel (c) depicts the QT protocol that will be further analyzed in section 2.2.
Resource preparation
The hybrid entangled resource is proposed to be generated by the combination in a beamsplitter (BS) of a single-photon state (SPS) or a single-photon-added coherent state (SPACS), with the vacuum state or a coherent state. The proposal addresses the generation of SPS's and SPACS's by means of the FWM process in an optical fiber. Both types of states can be prepared in the same experimental setup with the only difference that for the former the nonlinear process must be in the spontaneous regime i.e., mediated by vacuum fluctuations; and for the later, the initial state is populated with a weak coherent state allowing for a SPACS generation in the corresponding output mode. This process can be viewed as the generation of a state of the form |ϕ 0 = Nâ † s |α 0 s |1 i , which after detection of a photon in the i-mode is projected to a state that can be a SPACS for α 0 = 0, or a SPS for α 0 = 0. Here, |α 0 represents a coherent state. For HER generation the heralded-SPACS (or heralded-SPS) is combined in a BS with another CS (|α 1 ), which can lead to the following two different cases: i) the heralded-state resulting from α 0 = 0 is combined in the BS with the vacuum state (i.e. α 1 = 0), and ii) the heralded-state for α 0 = 0 is combined in the BS with the CS characterized by α 1 = 0.
In the ideal scenario, the output state of the BS acquires the following form |ϕ 1 pd(pa) = N (â † s |α s |α i ∓b † i |α s |α i ). Note that pd(pa) subscripts were added, as we will refer to these superpositions as "photon displaced" and "photon added", where the photon displaced tag makes sense when the unitary transformation (D s (−α)D i (−α)) is applied to |ϕ 1 . In general α is function of α 0 and the beamsplitter parameters.
Now we proceed to model the generation of the HER in a more realistic situation. First, a pump pulse is sent to a nonlinear fiber phase-matched to the generation of frequency non-degenerate photon pairs, as shown in Fig. 1(a) , where purple and green lines represent signal and idler fields, respectively. We consider a co-linear and co-polarized FWM configuration for the sake of simplicity, interaction that can be described by the following Hamiltonian [34, 35, 36] ,
where χ (3) is the third-order nonlinear susceptibility of the medium, ǫ 0 is the vacuum electric permittivity andÊ j the j-th involved optical electric field.
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Faint Coherent pulse centered at ω s Figure 1 : (a) Scheme for the heralding process of a SPS or SPACS generated by FWM, and given by Eq. (3). Detection of an idler single-photon in the APD heralds a SPS or a SPACS, depending on the faint coherent pulse is absent or present, respectively. In the figure, DM is for dichroic mirror, and F for spectral filtering. (b) Schematic representation of the HER preparation by combining vacuum or SPS with a CS or SPACS in a BS depending on the switches positions. (c) Scheme for the QT protocol, where ρ pd(pa) is the HER as described in Eq. (7), the qubit to be teleported from Bob to Alice is |ψ C is mixed with the HER, and a joint measurement is accomplished by the displacement section and photodetection.
In this paper, we study the generation of a single photon added coherent state in the signal mode and a single photon in the idler mode. This can be accomplished by injecting a CS to the nonlinear medium spatio-temporally matched with the corresponding signal mode in eq. (1). This CS is depicted in Fig. 1(a) as a purple dashed-arrow related to a faint coherent pulse centered at ω s . The effect of this can be obtained by a standard perturbative approach to the first order, in which the initial states are |{α 0 } s |0 i . This results in the following two-photon like quantum state
for which |{α 0 } s is the seeding coherent state in a spatio-temporal mode that matches (at least partially) the signal, and that could have different spectral properties. If α 0 = 0 this is the two photon state generated by spontaneous four wave mixing (SFWM).â † (ω s )(â † (ω i )) is the creation operator of a photon of frequency ω s (ω i ). In eq. (2) the joint function F (ω s , ω i ) contains the spectral correlation information of the generated state, which exhibits a high dependence on the geometrical parameters of the fiber and the pump spectral profiles [37] . Note that in this treatment we let |{α 0 } s be distinct from vacuum to include a more general description. For the heralding process, a set of dichroic mirrors, DM1 and DM2, are proposed to be used for separating the fields corresponding to signal and idler modes, and also a spectral filter F centered at frequency ω i with bandwidth σ i located in front of an avalanche photo-diode (APD in Fig. 1(a) ). The filter is included to maintain a general treatment; nevertheless, we will assume later, in a specific situation analyzed that this filter is not present. Note that a detection of an idler photon by the APD heralds the existence of a signal state, that could be a single photon state or a SPACS, in the form
where the the operatorΠ i ≡Π i (n = 1) stands for the detection of a single photon in the idler mode of the state in eq. (2), and ρ s is the density matrix of the subsystem s, note that density matrices are written as bare operators throughout the manuscript ρ ≡ρ. In general, the multiple photon heralding process can be described with the positive operator valued measureΠ
is a Fock state of frequency ω i andd(ω i ) contains the spectral characteristics of the detector. Here, it is also assumed that the probability of multiphoton generation is negligible, assumption which remains valid for small emitted mean photon number [38, 39] . Therefore, the non-normalized heralded SPACS (or heralded SPS) is characterized by the following reduced density matrix operator
with α 0 = 0 (or α 0 = 0). The convention of a tilde for non-normalized operators· is used throughout the manuscript. Here, it has been defined the function G(ω ′ s , ω ′′ s ), given in terms of the joint function F (ω s , ω i ) appearing in eq. (2) as
Continuing with the procedure for HER preparation, the heralded state in eq. (3) is combined in a beamspliter with another CS |{α 1 } . This process is described by the action of the beamsplitter operator,Û BS , in the following form
where
The notation ρ α 0 =0 s (ρ α 0 =0 s ) has been used to emphasize the nature of the heralded state ρ s that depends on the value of α 0 as shown in Eq. (2) . Emphasizing, ρ s is required as input to the BS together with the vacuum state or a CS to produce one HER or the other. The nomenclature pd(pa)
is motivated by the fact that ρ pd can be written equivalently as a superposition of single photon displaced states, while ρ pa can only be written as a superposition of photon-added coherent states. Here, {α 1 } represents a CS with spectral properties different to those of ρ s . Despite the fact that we are considering the spatio-temporal properties of each of the states combined in the BS as closely related to each other, they are not assumed identical in general, i.e., we take into account the likely imperfect overlap present in experimental conditions. Without loss of generality, in this treatment we consider that bandwidths are different for each of the interacting fields.
By substitution of the heralded density matrix (Eq. (3) ), it is shown that Eq. (4) can be written up to a normalization constant as follows:
where we defined α :
The entanglement properties of a state in the form given as in Eq. (7) have already been studied by our group and, we found that the negative superposition is more robust to decoherence [23] . For the sake of completeness we will include in the present study results for both superpositions. The HER described in Eq. (7) resembles a CV path entanglement state, which are known for requiring fewer resources than other proposals [29] . The characterization of the HER used as a channel can be made, for instance, by means of simultaneous Homodyne detection of both arms of ρ AB pd(pa) so as to obtain the nonclassicality of the resource [23] , without the need of any additional displacement operation to perform Bell-like measurements.
Quantum teleportation protocol
Now, we put forward a quantum teleportation protocol based on the HER detailed in previous section. We propose to use this state as a shared entangled channel between Bob (locally) and Alice (remotely) to establish the QT protocol. Figure 1(c) shows the proposed teleportation scheme: BS1 serves to generate the HER as described in previous section with aid of Fig 1(b) , where the BS1 inputs depend on the HER to be created, ρ AB pa or ρ AB pd . The steps of the QT protocol are described as follows:
(i) Alice and Bob share the HER state, created as in the previous section, see Eq. (7) .
(ii) Bob wants to teleport the state
whereĉ † β creates a Gaussian single-photon wave-packet with central wavelength λ β and bandwidth σ β .
(iii) Bob mixes his qubit (given by Eq. (8)) with his part of the HER state, through a second beamsplitter BS2, process which is described by the following operation
where ρ C is the density matrix of the state in eq. (8)), ρ C = |ψ C ψ C |.
(iv) Bob performs a joint measurement in the displaced number basis, this measurement is restricted to α/2 = iz √ 1 − τ , where z is the amplitude of the coherent state |z , as shown in Fig. 1(c) , and τ is the transmittance of the BS, as shown in ref. [40] . For this process we assume perfect overlap. The outcomes of this measurements in terms of the counts {n c , n d }, are obtained through the APDs D1 and D2. It is important to mention that the displacement operation should also have spatio-temporal match with the coherent field used to build the HER, which have already been theoretically analyzed in noisy environments [41] , and experimentally proven [42, 43, 18] . When Bob measures, he also places a Gaussian spectral filter in front of his detectors, with central frequency and bandwidth ω d and σ d , respectively. This process is formally described as follows
We use primed density matrices for states after any measurement ρ → ρ ′ . It is important to note that, the displaced number basis could be omitted if the HER were generated with a single-photon instead of a CS in BS1, i.e., for α = 0. This restriction would reduce the study to typical single-mode quantum teleportation setups, but still with one major difference: all the involved fields (and states) are realistic in the sense that no bandwidth restrictions are taken into account. Also, all the considered spectra are experimentally feasible.
(v) Bob obtains the results for {n c , n d } as {0, 1} or {1, 0}, and communicates this result to Alice.
(vi) With Bob's results, Alice performs a unitary transformation and calculates an averaged version of the teleportation fidelity in the form
where ρ ′ A pd(pa) = Tr bc ρ ′ ABC pd(pa) is the density matrix of Alice's post-selected state. The coefficients of the input states (the qubit) are considered real for simplicity and parametrized using x = sin(θ), y = cos(θ),σ i is a Pauli matrix that conditionally depends on the outcomes {n c , n d }, andD({α}) stands for a displacement operator with α defined as in (7) this implies that the teleported state changes from the original basis to a displaced CV computational basis. In writing eq. (11) it was assumed that the state teleported to Alice is ideally of the form
Quantum teleportation in a specific situation
In this section, we explore the application of the QT protocol outlined above. For HER generation, we consider that the FWM process takes place in a commercially nonlinear photonic crystal fiber (PCF), the NKT photonics NL-PM-750. The proposal focuses on a degenerate pump configuration, for which the phasematching condition is given by ∆k = 2k p − k s − k i − φ nl = 0, with φ nl the nonlinear phase shift due to self/cross phase modulation [44, 37] . In order to herald a pure quantum state by detecting photons in the idler generation mode of the two-photon like quantum state in Eq. (2), the latter must be a factorable state. Factorable two-photon states generated by SFWM can be obtained if certain conditions on the group velocity of the interacting fields are fulfilled, technique known as group velocity matching (GVM) [37] . Besides, the separability of the two-photon state becomes achieved for specific combinations of fiber length and pump bandwidth. For these, GVM determines the orientation angle (θ si ) of the joint spectral intensity function (JSI), which in the generation frequency space {ω s , ω i } is given by
is the group velocity of the µ field evaluated at the central frequency ω 0 µ . As shown in reference [37] , factorable two-photon states can be obtained for 0 ≤ θ si ≤ 90 • .
For the fiber considered in this proposal, solutions to the FWM phasematching condition (∆k = 0) are shown as a solid black contour plot in Fig. 2(a) , where the horizontal and vertical axes correspond to pump frequencies and emission frequencies, respectively. Note that the latter are expressed in terms of detuning from the pump frequency. The corresponding orientation angle θ si is represented in the same figure as the colored background, over which the contour plot for θ si = 90 • and θ si = 45 • have been shown by the discontinuous black and cyan lines respectively. Intersections of the phasematching contour with a particular GVM contour determine the pump and emitted frequencies, for which a two-photon state with particular spectral correlation properties can be generated. Here, we are interested in the intersection that occurs at the pump wavelength λ p = 751.1nm, which is marked on the figure by red circles and correspond to a JSI orientation angle θ si = 90 • . This case is of special interest, as a highly factorable state can be obtained with low to null spectral filtering [45] . The resulting joint spectral intensity is shown in Fig. 2(b) , for which a typical full width at half maximum (FWHM) bandwidth of 0.5nm for pico-second pulsed laser, and a fiber length of L = 80cm were assumed. It is worth to point out that no spectral filtering has been considered in calculating the JSI, and even so the spectral distribution exhibits a factorable character, making it suitable for the generation of heralded quantum states described by Eq. (3). Of course this state will be a heralded single-photon state or SPACS depending on the value of α 0 . To make this clearer, we calculate the heralding efficiency of a SPACS defined as P H = P AB /P A , where P AB is the joint probability of detecting a SPS in the heralding arm and a SPACS in the heralded one, while P A is the probability of detecting a SPS in the heralding arm. P H probability is plotted in Fig. 3 , assuming that both detections have an efficiency η. Note that P H is close to the heralding efficiency of a SPS (α 0 = 0) for all values of α 0 .
For HER preparation (see Eq. (7)), we propose to combine the herald state generated under the conditions explained above with a coherent state. In search for the highest possible spatio-temporal overlap between these states, the CS could be generated by stimulated FWM in another PCF with the same dispersion characteristics as the one for generation of the heralded quantum states given in Eq. (3), and we assumed this matching for this specific situation. For simplicity, in the proposed setup detectors D1 and D2 (see figure 1 (c)) are assumed to have perfect quantum efficiency, with a spectral response set to 10 nm FWHM and centered at the IR wavelength with the maximum emission probability from the SFWM process, which is 1.593µm in the JSI function shown in Fig.  2(b) . As a first approach, we set the length of the heralded-state generation fiber to L = 80cm, and vary the spectral properties involved in the qubit to teleport. Figure 4 shows the average fidelity for both HERs ρ pd and ρ pa , considering the parameters set as above. The fidelity is calculated from Eq. (11) in the θ domain [0, 2π], for a qubit with different Gaussian spectral envelope described by parameters {λ β , σ β }, which are allow to vary. F pd is shown in Fig. 4(a) . It is interesting to point out that the value of F pd does not depend on α. The dotted yellow line encloses the higher fidelities F pd ≥ 0.9 for 0.5639 ≤ σ β ≤ 1.789 Trad/s. The red dotted lines indicate the values {λ β , σ β } (denoted as λ 0 β = λ β | F max and σ 0 β = σ β | F max ) that maximize the average fidelity in both the "pd" and "pa" and cases. On the other hand, F pa is shown in Fig.  4 (b) with everything fixed as in the previous case, and the coherent state |{α} described by a Gaussian spectral envelope with n = 0.5 and equal spectral properties as the qubit, i.e., λ α = λ β and σ α = σ β to maximize the temporal-modes overlap. The dotted yellow line encloses the higher fidelities F pa ≥ 0.7 for 0.5639 ≤ σ β ≤ 1.758 Trad/s. The average fidelity obtained in the simulations show that even for the low value of n = 0.5, the average fidelities for the "pa" case decrease substantially in comparison with the "pd" case. It is worth to point out the wide qubit-bandwidth interval for which the average quantum teleportation fidelity takes maximal values.
It is well accepted that maximally entangled states are formed by pure wavefunctions [46, 47] ; however, given the heralded nature of our sources to prepare the HER, this state is in general not pure but a statistical mixture as shown in eq. (7) . However, the degree of "non-purity" is determined by the geometrical properties of the nonlinear medium [37] . Other decoherence processes, like photon loss or phase fluctuation would also imply a lower purity of the HER [23] . To show the capabilities of this study, we have not included spectral filtering at any part of the heralding process of the SPS or SPACS needed to generate the HER. In addition to the average fidelity, we evaluate the HER capacity quantifying the purity of the SPS or the SPACS used to generate de HER, which can be obtained as the inverse of the cooperativity parameter K given by [35] where λ n are known as the Schmidt coefficients of |ψ 2 in eq. (2), which can be obtained as the eigenvalues of the density matrix in eq. (3) ford(ω i ) = 1. The cooperativity parameter itself, gives information of the amount of entanglement of a bipartite state. This is calculated over the heralded resource alone, to show the influence of its purity on the entanglement usefulness as an information resource. Fig. 5 shows the fidelity and purity dependence with fiber lenght for the "pd" HER with the qubit spectral parameters λ 0 β and σ 0 β fixed. This analysis is restricted to ρ pd given its higher fidelity when compared to the utilization of the HER ρ pa . Fig. 5(a) shows the average fidelity F pd and purity K −1 on the left axis vs. L. Fidelities F pd ≥ 0.9 and purity K −1 ≥ 0.7187 are attainable for L ≥ 8.45cm. While the probability of the joint measurement for the QT protocol is shown referred to the right axis, the nature of this Bell-like measurement sets an upper limit of 0.5 as only two outcomes are distinguishable [48] . In addition, 5(b) shows the corresponding two-photon JSI for different fiber lengths from 1cm to 100cm as marked in panel (a) with vertical discontinuous lines. This is included for a better visualization of the influence of fiber length on the fidelity of the protocol and purity of the HER. We initially proposed L = 80cm for this study, as we consider it a practical length to work with. It is important to note that even when high fidelities can be obtained with smaller lengths, the pair creation efficiency is proportional to L [49] . It is clear from the figure that both F pd and K −1 are close to 1 for the chosen fiber length L = 80cm.
Conclusions
We presented an experimentally feasible proposal for quantum teleportation based on a hybrid entangled state used as a resource that could be implemented with available optical elements. Two entangled resources were studied, one formed by a heralded single photon combined with a coherent state in a beamsplitter and, the other combining a SPACS with the vacuum state in a BS. The capabilities of the proposal were proved by selecting a commercial PCF, that served to create the HER with a wide spectrum in the telecommunications band. High average fidelities F pd > 0.9 are expected for the proposed "pd" HER. Also the non-linear interaction length dependence of the average quantum teleportation fidelity as well as the purity of the heralded state was addressed. It was found that average fidelities higher than 0.9 are attainable even for purities lower than 0.8. Even when the qubit preparation was outside of the scope of this paper, it could easily be prepared by following a procedure similar to the one described in [50] . The present study can be straightforwardly applied to different geometries of the generation medium and other configurations on the degrees of freedom of the interacting fields, that for instance could involve polarization, spatial profiles, etc. Therefore, although the particular case studied shows an interesting flexibility on bandwidths of the teleported state, the finding of better candidates with higher flexibility is still an open research problem.
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